Expansion dynamics of a spherical Bose-Einstein condensate by Li, Ruizong et al.
Expansion dynamics of a spherical Bose-Einstein condensate
Ruizong Li1,4, Tianyou Gao1, Dongfang Zhang1, Shi-Guo Peng1,
Lingran Kong1,4, Xing Shen1,4, Wuming Liu2 and Kaijun Jiang1,3∗
1State Key Laboratory of Magnetic Resonance and Atomic and Molecular Physics,
Wuhan Institute of Physics and Mathematics, Chinese Academy of Sciences, Wuhan 430071, China
2Beijing National Laboratory for Condensed Matter Physics,
Institute of Physics, Chinese Academy of Sciences, Beijing 100190, China
3Center for Cold Atom Physics, Chinese Academy of Sciences, Wuhan 430071, China and
4School of Physics, University of Chinese Academy of Sciences, Beijing 100049, China
(Dated: November 8, 2018)
We experimentally and theoretically observe the expansion behaviors of a spherical Bose-Einstein
condensate. A rubidium condensate is produced in an isotropic optical dipole trap with an as-
phericity of 0.037. We measure the variation of the condensate size during the expansion process.
The free expansion of the condensate is isotropic, which is different from that of the condensate
usually produced in the anisotropic trap. The expansion in the short time is speeding and then
after a long time the expansion velocity asymptotically approaches a constant value. We derive an
analytic solution of the expansion behavior based on the spherical symmetry, allowing a quantita-
tive comparison with the experimental measurement. The interaction energy of the condensate is
gradually converted into the kinetic energy at the beginning of the expansion and the kinetic energy
dominates after a long-time expansion. We obtain the interaction energy of the condensate in the
trap by probing the expansion velocity, which is consistent with the theoretical prediction.
I. INTRODUCTION
In the ultracold Bose-Einstein condensate (BEC), the
many-body interaction modifies the system behaviors de-
viate from the ideal gas [1], which provides a platform to
explore exotic quantum effects such as low-energy exci-
tations [2–4], phase transitions in optical lattices [5–7],
matter-wave interferometry [8, 9], artificial gauge poten-
tial [10, 11], low-dimension physics [12, 13], and many
others. Due to the small in-situ size of the condensate
in the trap, the cold atomic sample is usually probed
after certain free expansion time [14]. Many-body inter-
action plays an important role to determine the expan-
sion dynamics. After the condensate being released from
the trap, the interaction energy is converted to the ki-
netic energy and the initial acceleration after switch-off
of the trap is determined by the gradient of the inter-
action energy[15–17]. The expansion behaviors of differ-
ent directions are dependent on the configuration of the
external trap. Previously the condensate is mostly pro-
duced in an anistotropic trap (i.e.,  6= 1, where  is the
aspect ratio between the axial and radial frequencies) due
to the technical challenge, which leads to an increased
degree of complexity in the study of the expansion be-
havior. In this case the expansion behaviors couldn’t be
analytically solved without approximation because differ-
ent coupled second-order differential equations are rele-
vant [1, 17–19]. Obtaining the quantum system with an
analytic solution allows a more lucid description of the
condensate dynamics and an immediate comparison be-
tween experiment and theory. Spherical Bose condensate
in an isotropic trap (i.e.,  = 1) is a special case that
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the expansion behavior can be analytically solved. Here
we only need to solve one differential equation due to
the spherical symmetry. Nevertheless, the experimental
study of this expansion is still lacking.
The spherical condensate has unique features of the
many-body interaction. The excitation spectrum of the
condensate is simplified by degeneracy and becomes the-
oretically tractable [1, 20, 21]. The reduced availability
of states in a spherical trap, caused by degeneracy, has a
major effect on the Landau damping rate. Quantitative
calculations of this process currently have been carried
out [21–24]. Accurately measuring the collective mode of
the spherical condensate in the finite-temperature regime
can extract subtle many-body effects like thermal and
quantum fluctuation [25–28].
Previously Hodby et al were able to modify the as-
pect ratio ( = 2.83 ∼ 1.6) in a magnetic trap while
keeping the confinement tight [29]. However they do not
report achieving a fully isotropic trap. Lobser and his
colleagues realized an isotropic magnetic trap with the
aid of the gravity force [24, 30]. But the weak confine-
ment (the trapping frequency ω ≈ 2pi × 9 Hz) in their
work is disadvantageous to obtain the pure condensate.
In this paper we produce a nearly spherical rubidium
condensate in an optical dipole trap with an asphericity
of 0.037. The large trapping frequency (2pi × 77.5 Hz) is
favorite to produce a pure condensate. Then we measure
the condensate widths during the expansion process as
well as the interaction energy of the condensate in the
trap. The experimental results are consistent with the
theoretical predictions based on the spherical symmetry.
We explore the expansion dynamic process in which the
the interaction energy is converted into the kinetic energy
and becomes smaller versus the expansion time.
The paper is organized as follows. We first present the
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2production of a spherical rubidium condensate in Sec. II.
Then we introduce the expansion behaviors of the con-
densate in Sec. III. Subsequently the interaction energy
of the condensate in the trap is obtained in Sec. IV.
Finally, the conclusions are summarized in Sec. V.
II. PRODUCTION OF A SPHERICAL BOSE
CONDENSATE
The experimental configuration is composed of dou-
ble magneto-optical traps (MOTs), which is similar to
our previous works [31, 32]. 87Rb atoms are cooled and
trapped in the first MOT and then transferred to the sec-
ond MOT with a series of optical pushing pulses. In the
second MOT the atom number is 8.5(9) × 108 and the
atom temperature is 320(40) µK. The atom temperature
is reduced to 130(20) µK after a decompressed MOT pro-
cess. Then the atoms are loaded into a magnetic trap by
scanning the magnetic gradient to 336.0 G/cm with a
period of 300 ms. Here the atom number is 2.0(7)× 108
and the atom temperature is 210(25) µK. The atoms are
cooled with the ratio frequency (RF) induced evaporation
cooling to 15(3) µK and subsequently transferred into
a hybrid trap composed of magnetic and optical dipole
fields [33]. Finally we transfer cold atoms into an optical
dipole trap by gradually decreasing the magnetic trap.
We produce a spherical 87Rb BEC in an optical
dipole trap in which the trapping frequencies along
x, y, z−directions are the same. As shown in Fig. 1(a),
the optical dipole trap is composed of two far red-detuned
laser beams with the wavelength λ = 1064 nm. The
Rayleigh length, zR = piw20/λ, is much larger than the
beam waist w0. For a single laser beam, the trapping fre-
quency in the radial direction is about 200 times larger
than that in the axial direction. So the trapping effect
along the propagation direction can be neglected. To
produce a fully isotropic trap, the gravity force should
be included [29, 30]. The trapping potential, which is
composed of the optical dipole trap and the gravity, is
given by
U (x, y, z) =− U1 exp
(
− 2x
2
w21x
− 2z
2
w21z
)
− U2 exp
(
− 2y
2
w22y
− 2z
2
w22z
)
−mgz.
(1)
w1x (w2y) and w1z (w2z) are the waists of the optical
beam along the y (x) direction, and U1 and U2 are the
peak potential energies of the two beams, respectively.
By expanding Eq. (1) in the potential minimum (0, 0, z0)
to the second order, forming a spherical BEC should sat-
isfy the conditions
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FIG. 1. (color online) (a) Experimental setup. The opti-
cal dipole trap is composed of two focused red-detuned laser
beams in x and y directions. The gravity is in the −z di-
rection. Ultracold atoms are simultaneously probed in the
vertical and horizontal directions. (b) Measuring the trap-
ping frequencies by probing the oscillations of the centers of
mass along three directions, respectively. Each experimental
data is the average of three measurements. The solid line is
the fitting with a sine wavefunction.
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where a = w21x/w21z + w22y/w22z. In the experiment, we
can accurately adjust the intensities of the two beams to
simultaneously match Eq. (2) and Eq. (3).
By displacing atoms away from the equilibrium posi-
tion for 2 ms, we measure the oscillation of the center of
the mass (COM) of the atomic cloud in the trap along
the x, y and z directions, respectively. The experimental
results are shown in Fig. 1(b). Using a sine wavefunc-
tion ri = Ai sin(ωit + φi) (i = x, y, z and ri → i) to
fit the experimental data, we get the trapping frequen-
cies: ωx = 2pi × 76.7(14) Hz, ωy = 2pi × 76.5(6) Hz,
ωz = 2pi × 79.4(12) Hz. The frequency uncertainties in
the parenthesis are from the fitting process. So the mean
trapping frequency ω¯ = (ωx + ωy + ωz) /3 = 2pi × 77.5
Hz which is much larger than that in the reference [30].
The asphericity A = (ωmax − ωmin)/ω¯ ≈ 0.037, where
ωmax, ωmin are the maximum and minimum trapping fre-
quencies along three directions, respectively. The tight
confinement here is favorite to produce a pure Bose con-
densate with negligible thermal gases and obtain exper-
imental data with a high signal-to-noise ratio. We im-
prove the position stability of the optical trap beam bet-
ter than 3 µm to achieve a stable spherical BEC. The
atoms stay in the spin state |F,mF 〉 = |1,−1〉. The
atom number is about 1.2 × 105. The BEC is well in
the hydrodynamic limit with the adimensional parame-
ter Nas/aho ≈ 570 1 [20], where as is the s-wave scat-
tering length, aho =
√
~/mω is the harmonic oscillator
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FIG. 2. (Color online) Isotropic expansion of the conden-
sate. The upper row shows exemplary images probed in the
vertical direction for five expansion times. The lower row
shows the aspect ratio η(t) versus the expansion time t. The
black squares (red circles) are for the images probed in the
horizontal (vertical) direction. Each error bar indicates the
uncertainty of three measurements. The dashed line denotes
the value of unity.
length of the trap, and N is the atom number.
After suddenly switching off the optical trap, we mea-
sure the aspect ratio η(t) of the condensate during the
free expansion. The experimental results are shown in
Fig. 2. The condensate width Ri(t) during the expansion
is obtained by fitting the optical density of the image with
a Thomas-Fermi (TF) distribution along the correspond-
ing direction. For the images probed in the horizontal di-
rection as shown in Fig. 1(a), η(t) = R‖(t)/Rz(t) where
R‖(t) and Rz(t) are the TF radii in the horizontal and
vertical directions, respectively. For the images probed
in the vertical direction, η(t) = Rx(t)/Ry(t) where Rx(t)
and Ry(t) are the TF radii in the x and y directions, re-
spectively. η(t) remains unity during the free expansion,
which is unique for a spherical BEC. For an anisotropic
BEC, the expansion is anisotropic and the aspect ratio
η(t) approaches an asymptotic value dependent on the
ratio of the trapping frequencies [1, 17, 34–36].
III. EXPANSION BEHAVIOR OF THE
CONDENSATE
Many-body interaction plays an important role to de-
termine the expansion dynamics of BEC. Fig. 3(a) briefly
indicates variations of different energy components dur-
ing the expansion process [1, 15, 18]. The chemical poten-
tial µ = Ekin +Ep + 2Eint is composed of kinetic energy
Ekin, potential energy Ep and interaction energy Eint.
In the trap, Ekin is negligibly small and Ep = 1.5Eint
according to the Virial relation 2Ekin− 2Ep + 3Eint = 0.
After BEC being released from the trap, Ep is switched
off and Eint starts to be converted into Ekin gradually,
which makes the release energy Erel = Ekin + Eint keep
constant during the expansion. After a long-time expan-
sion, the interaction energy is completely converted to
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FIG. 3. (Color online) (a) Schematics of energy components
during the free expansion. The trapping potential is switched
off at t = 0. Ep is the potential energy, Erel is the release en-
ergy, Ekin is the kinetic energy, Eint is the interaction energy
and µ is the chemical potential. After a long-time expansion
(t > t1), interaction energy is completely converted to kinetic
energy. (b) The scaling factor λ(τ) = R(τ)/R(0) versus the
scaling expansion time τ . R(0) is the TF radius of the BEC
in the trap and τ = ωt. The black solid curve denotes the
calculation with Eq.(5) for the whole expansion process. The
red dashed curve indicates the calculation with Eq.(6) for the
short-time expansion. The blue dotted curve is the calcula-
tion with Eq.(7) for the long-time expansion .
the kinetic energy. This provides a efficient way to mea-
sure the interaction energy of BEC in the trap by probing
the expansion velocity in the long-time expansion, which
will be followed in section IV.
During the expansion, the atomic cloud experiences
just a free dilatation. Three scaling factors, i.e., λi (t) ≡
ri (t) /ri (0)(i = x, y, z), may be introduced as in refer-
ences [1, 17, 34, 35], which describe the trajectory of any
infinitesimally small fraction at the position r (t) of the
moving cloud. For an axially symmetric BEC mostly
produced previously (i.e., λx(t) = λy(t) 6= λz(t)), it
is required to solve two coupled second-order differen-
tial equations to get the evolution of the scaling factors
[1, 17–19]. In this case analytic solution is generally ab-
sent. Here for the spherical BEC with λ(t) = λx(t) =
λy(t) = λz(t), the previous two coupled differential equa-
tions simply merge into one,
∂2λ
∂τ2
= λ−4, (4)
whose solution can be obtained analytically,
τ = −
√
3
2
·
√
piΓ(2/3)
Γ(1/6)
+
√
3
2
λ· 2F1
(
−1
3
,
1
2
,
2
3
,
1
λ3
)
, (5)
where τ = ωt, Γ(·) is the Gamma function, and
2F1(a, b, c, z) is the hypergeometric function.
According to Eq.(5), we can easily obtain the asymp-
totic behavior of the scaling factor λ (τ) for a short- or
long-time expansion,
λ(τ) ≈ 1 + τ2/2− τ4/6, (τ → 0) (6)
λ(τ) ≈
√
2/3τ +
√
piΓ(1/6)
Γ(2/3)
.(τ →∞) (7)
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FIG. 4. (Color online) Scaling factor λ(τ) versus the scaling
expansion time τ . The black solid curve is the calculation
with Eq.(5). Blue squares, red circles and green diamonds
denote the measurements with atom numbers of 0.55 × 105,
0.66 × 105 and 1.40 × 105. Each error bar is the uncertainty
of three measurements.
The scaling factor of the condensate during the expan-
sion process is shown in Fig. 3(b). For the short-time
expansion (τ → 0), ∂λ/∂τ ≈ τ and ∂2λ/∂τ2 = 1 − 2τ2.
This means that after the trap being switched off, the ex-
pansion is speeding but the acceleration decreases versus
the expansion time. These behaviors can be explained
that the interaction energy is gradually converted into
the kinetic energy and decreases versus the expansion
time [1, 18, 36]. For the long-time expansion (τ → ∞),
∂λ/∂τ =
√
2/3. It turns out that the interaction energy
has been completely converted to the kinetic energy and
the expansion velocity finally reaches a constant value.
The quantitative calculations in Fig. 3(b) can clearly con-
firm the expansion dynamics as shown in Fig. 3(a).
In Fig. 4 we measure the scaling factor during the
expansion, which is extracted by measuring the size of
the atomic cloud after some expansion time. Due to the
limited resolution of the imaging system (∆r ≈ 7.6 µm)
[32], we only show the experimental data for expansion
times larger than 7 ms. Here the size of the cloud is de-
fined as R(τ) = [Rx(τ) +Ry(τ) +Rz(τ)] /3, where Ri(τ)
(i = x, y, z) is the TF radius along the principle axis, and
λ(τ) = R(τ)/R(0). Under the TF approximation, R(0)
is calculated from the atom number and the trapping
frequency, and R(τ) is measured in the experiment. Ex-
perimental results at three atomic numbers are consistent
with the theoretical prediction of Eq. (5).
IV. INTERACTION ENERGY OF THE
CONDENSATE
During the expansion, the interaction energy is gradu-
ally converted into the kinetic energy Ekin. After atoms
being releasing from the trap, Ekin can be written in the
following integral
Ekin =
∫
1
2
m
[
dr (t)
dt
]2
n [r (t)]D [r (t)] , (8)
where n [r (t)] is the density at the position r (t), and
m is the atomic mass. Using r (t) = λ (t) r (0), Eq.(8)
becomes
Ekin =
1
2
m
[
dλ (t) /dt
λ (t)
]2 ∫
r (t)
2
n [r (t)]D [r (t)] . (9)
It was shown in [17] that the density n (r) still satis-
fies the generalized TF distribution for a time-dependent
problem, which takes the form of
n [r (t)] =
15
8piR (t)
3
[
1− r (t)
2
R (t)
2
]
, (10)
for a spherical atomic cloud, where R (t) is the general-
ized TF radius at the time t, n [r (t)] has been normalized
to unity, i.e.,
∫
S n [r (t)]D [r (t)] = 1, and S is a spherical
domain with the radius R (t). Substituting Eq.(10) into
(9), we easily obtain
Ekin =
1
2
m · 3
7
[
dR (t)
dt
]2
. (11)
As shown in Fig. 3, the interaction energy is com-
pletely converted to the kinetic energy after a long-time
expansion. So the interaction energy Eint at t → 0 is
roughly equivalent to the kinetic energy Ekin at t→∞.
We can check the validity of Eq.(11). From Eq.(7) the
size of the cloud R (t) as t→∞ should behave as
R (t) ≈
√
2
3
ωtR (0) , (12)
where R (0) is the size at t = 0. Then the interaction
energy of the condensate in the trap becomes
Eint =
1
2
m · 3
7
· 2
3
ω2R (0)
2
=
2
7
· 1
2
mω2R (0)
2
=
2
7
µ, (13)
and µ = mω2R (0)2 /2 is the chemical potential in the
trap. Eq.(13) is consistent with the well-known result
Eint = 2µ/7 [1].
In the experiment we extract the expansion velocity for
the long-time expansion by linearly fitting the TF radii
of the condensate. One example of this fitting process
is shown in the inset of Fig. 5. The expansion times
are larger than t > 14 ms (i.e., τ > 6.8), which ensures
that the expansion velocity has approached the constant
value (see Fig. 3(b)). Then the interaction energy of the
condensate in the trap can be calculated with Eq. (11).
On the other hand, the chemical potential of the con-
densate in the trap can be calculated with [1, 15–17]
µ =
~ω
2
(
15Nas
aho
)2/5. (14)
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FIG. 5. (Color online) Interaction energy of the condensate
in the trap versus the atom number. The solid curve is the
theoretical calculation with Eq. (14). The measurements are
for atom numbers of 0.55×105, 0.66×105 and 1.40×105. The
error bar is the uncertainty in fitting the expansion velocity.
The insert shows an example for linearly fitting the measured
TF radii of the condensate with the atom number of 1.40×105.
The expansion times are larger than 14 ms.
The interaction energy of the condensate in the trap ver-
sus the atom number is ploted in Fig. 5. The experi-
mental measurements are consistent with the theoretical
prediction with Eq. (14).
V. CONCLUSIONS
In conclusion, we experimentally observe the expansion
behaviors of a spherical Bose condensate. A spherical ru-
bidium condensate is produced in an optical dipole trap
and the characteristic isotropic expansion is observed in
the experiment. The condensate widths during the ex-
pansion process as well as the interaction energy of the
condensate in the trap are measured. The analytic solu-
tion of the expansion behavior of the condensate is de-
rived, as a quantitative comparison with the experimen-
tal measurements. We find that the expansion in the
short time is speeding and then after a long time the ex-
pansion velocity is constant. The intrinsic mechanics of
this behavior is that the interaction energy is converted
into the kinetic energy at the beginning of the expan-
sion and the kinetic energy dominates after a long-time
expansion.
This work has already been accessible to study the
frequency shift and Landau damping of low-energy exci-
tations in a spherical condensate, which allows the im-
mediate comparison between the experiment and theory
due to the simplified excitation spectrum by degeneracy
[1, 20–28]. Compared to a magnetic trap, the spheri-
cal trap composed of the optical field is advantageous
to study the non-equilibrium dynamics with the spheri-
cal symmetry, where fast modulation of the confinement
strength is required.
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